STABILITY OF THE EXPONENTIAL UTILITY MAXIMIZATION PROBLEM 

WITH RESPECT TO PREFERENCES 



HAO XING 

Abstract. This paper studies stability of the exponential utility maximization when there are 
small variations on agent's utility. Two settings are studied. First, in a general semimartingale 
model where random endowments are present, there is a sequence of utilities defined on E converging 
to the exponential utility. Under a uniform condition on their marginal utilities, convergence of 
value functions, optimal terminal wealth and optimal investment strategies are obtained, their rate 
of convergence are determined. Stability of utility-based pricing is also discussed. Second, there is a 
sequence of utilities defined on R+ each of which is comparable to a power utility whose relative risk 
aversion converges to oo. Their associated optimal strategies, after appropriate scaling, converge 
to the optimal strategy for the exponential hedging problem. This complements Theorem 3.2 in 
M. Nutz, Probab. Theory Relat. Fields, 152, 2012, by allowing general utilities in the converging 
sequence. 
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0. Introduction 



This paper considers an optimal investment problem where an agent, whose preference is de- 
scribed by a utility function, seeks to maximize expected utility of her wealth from investment and 
a random endowment (illiquid asset) at an investment horizon T € R+. Given two problem primi- 
tives: utility function and market structures, the goal is to identify the optimal inves tment strategy 



that t he agent undertakes. When the utility has constant absolute risk aversion, 



Delbaen et al. 



O . (|2002l ) give an elegant solution to the aforementioned problem. We study in this paper stability 

of the optimal investment strategy when agent's utility deviates from the exponential utility. In 
particular, we are interested in a quantitative measure on how far the optimal strategy deviates 
^ . when there are small variations in agent's preference. 

We consider two settings for the stability problem. First, consider a sequence of utility functions 
[Us)s>0i each of which is defined on R, such that it converges pointwise to Uq which has unit 
absolute risk aversion. The deviation of Us from Uo is measured by two components: i) the ratio 
of marginal utilities 9\s between Us and an exponential utility Us whose absolute risk aversion is 
as; ii) the deviation of as from 1. The first component measures how far Us is away from an 
exponential utility; while the second component describes how far the absolute risk aversion of 
the exponential utility is away from 1. When 9\s is bounded from above and away from zero, 
uniformly in 5, our first main result, Theorem II. 8\ states the convergence in expectation of the 
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optimal terminal wealth and the convergence of the value function in a general semimartingale 
model; moreover the convergence of the optimal strategy also holds, when asset price processes are 
continuous. Beyond these continuity results, the rate of convergence is determined in Corollary 
11.101 Those two components on variation of utilities translate to impact on deviation of terminal 
wealth (hence optimal strategy) at different rate: first order on the convergence rate of the absolute 
risk aversion and second order on the convergence rate of Stability of utility based pricing, 
Davis price and indifference price, with respect to agent's preference is also discussed in the first 
setting; see Corollaries 11.121 and II . 131 

The stability problem studied in the first setting is similar to ICarassus and Rasonvil (|2007l ). 
where the problem is formulated in a discrete time setting and asset price processes are assumed 
to be bo unded. For utiliti e s defi ned on M + , aforementioned sta bility problem has been extensively 
studied. iJouini and Nappl (|2004l ) cons ider an ltd process mod e l. iLarsenl (|2009l ) extends the analysis 

allows simultaneous variations 



Kardaras and Zitkovic (12011 



to continuous semimartingale models, 
of preferences and subjective probabilities. More recently, iMocha and Westravl (|201ll ) focus on 
power utility maximization problem and investigate stability respect to the relative risk aversion, 
the market price of risk, and investment constra i nts. 



In 



Larsenl (|2009l ) and iKardaras and Zitkovid (|201ll ) , convergence in probability of the optimal 



terminal wealth is obtained under an uniform integrability assumption. After changing to a measure 



th process has the numeraire property, the optimal investment 



where the limiting optimal wea 
strategy also converges utilizing (jKardarasl . l2010i . Theorem 2.5). Our uniform bound on the ratio of 
marginal utilities implies an analogous integrability condition for utilities defined on M; see Remark 
11.91 However additional structure imposed allows us to obtain more precise infirmation on how fast 
the convergence takes place. 

A different type of stability problem is studied in lLarsen and Zitkovid (|20071 ). Therein stability 
of the optimal terminal wealth with respect to market variations is studied while a ut il ity de fined 
o n R_|_ is fixed. This t y pe of stability problem has recently been investigated in iFreil (|201ll ) and 



Bavraktar and Kravitzl (|201ll ) for the exponential utility maximization problem. 

In the second setting, we consider a sequence of utility random fields (l4 p ) p <o, each of which is of 
the form U p = DU P for a positive process D and a utility function U p defined on M + . For each U p , 
the ratio of its marginal utility with respect to x p ~ l is bounded from above and away from zero. 
In this sense U p is comparable to power utility with constant relative risk aversion 1 — p. As the 
relative risk aversion going to infinity and the ratio of marginal utilities going to 1, (U p ) p< q is closer 
to a sequence of power utilities U p (see Remar k ll.20p which converges to the exponential utility 
with appropriate domain shift (see (jNutzi . I2012I . Remark 3.3)). 

Our second main result, Theorem II. 191 states that, when the ratio of marginal utilities converges 
to 1 at a rate at least as fast as the relative risk aversion going to infinity, then the optimal proportion 
invested in risky assets, scaled by 1 — p, converges to the optimal monetary value invested in risky 
assets in the exponential hedging proble m. Therein (1 — p)" 1 can be regarded as the rate of 
convergence. This result is first obtained in iNuta (|2012l ) where U p is power utility. We complement 
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Nutz's result by allowing deviation from power utility and analyze the impact on the convergence 
from the ratio of marginal utilities. On the dual side, the stability proble m formulated here is related 
to the convergence of optima - 



mar tingal e measures which is studied in 



Grandits and Rheinlander 



(120021 ). Mania and Tevzadzd (120031 k and ISantacrocel (|2005h . 



The starting point of our proofs in both settings is the following key result from the duality 
theory: the optimal wealth process is a martingale after multiplied by the optimal dual process 
and a supermartingale after multiplied by any other process in the dual domain. When ran dom 
endowment presents, afor ementioned properties have b een proved in lOwen and Zitkovid (|2009l ) for 



utility defined on R and in lKaratzas and Zitkovid (|2003l ) for utility defined on R + . These properties, 



combined with scaling properties of exponential (resp. power) utility, lead to an estimate on the 
difference (resp. ratio) of optimal terminal wealth between problems with Us (resp. U p ) and 
exponential (resp. power) utility. The remaining proof does not depend on the market specifications. 
Therefore methods in this paper could potentially be applied to other market settings where the 
aforemen tioned property on the o p timal wealth process holds, for example, markets with transaction 
cost, see ICvitanic and Karatzasl (119961 ) . and the utility maximization with forward criteria, see 
Musiela and Zariphopouloul (|2009i ). We leave this as a future research project. 

The structure of the paper is simple. After this introduction, Section [1] describes the problems 
and states main results, while all proofs are given in Sections [2] and [3l 



1. Main results 

We consider a financial market of <i-risky assets whose discounted prices are modeled by a locally 
bounded R -valued semimartingale (St)te[o,T] > defined on a filtered probability space (Q, J 7 , (J r t)tg[o,T] 
in which J-q coincides with the family of P-null sets and {J~t)t£[o,T] ls right co ntinuous. When price 
processes a re non-locally bounded semimartingale, we refer the reader to (jBiagini and Frittellil . 



2005 



20071 ). 



1.1. Utilities defined on R. In our first main result, we consider a sequence of utility functions 
Us : R — > R, indexed by 5 > 0, each of which is strictly increasing, strictly concave, and continuously 
differentiable. This sequence of utilities is convergent in the following sense. 

Assumption 1.1. limsio Us (x) = Uq{x) for i£l, where Uq{x) = — exp(— x). 

Here Uq has unit absolute risk aversion. After appropriate scaling all results in this paper hold 
when L^o has other value of absolute risk aversion. The pointwise co nvergence of utility func tions 
in the p reviou s assumption is widely used in the literature; see e.g. iJouini and Nappl (|2004h and 
Larsenl (|2009l ). The pointwise convergence, restricted to the class of concave functions (utility 
functions), implies a more economic meaningful mode of convergence: the pointwise (and h ence 
locally uniformly) convergence of their derivatives (marginal utilities); see (jRockafellarl . Il970l . pp. 
90 and pp. 248). We furthermore restrict each Us to a class of utilities which are comparable to 
the exponential utility — ^- exp(— asx). 
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Assumption 1.2. There exist strictly positive constants JK < 1 < 9t, and (as)s>o with lim^o a 8 
1 such that 

U' s {x) 



< 9\, for all 6 > and x G 



exp(— asx) 

Remark 1.3. This assumption implies that each t/5 is bounded from above. Indeed, integrating 
95exp(-a,5x) < U' 5 (x) < m.exp{-a 5 x) on (0, 00) yields f£ja s + U s (0) < U s {oo) < lR/as + U s (0). 
These bounds can be made uniform in 5, since lim^o Us(0) = — 1 and lim^o a s = 1- Moreover, 
Us is sandwiched between two utilities with constant absolute risk aversion as- This is because 
integrating the previous bounds for Ug{x) on (x, 00) induces Us{oo) — ^jlHexp(— asx) < Ug(x) < 
Us (00) — ^2^exp(— a$x) for any x G R. One can also derive from the previous assumption that 
each Us satisfies the Inada conditions, i.e., lima-^oo U' s (x) = 00 and lim^oo U' s (x) = 0, and Us has 
reasonable asymptotic elasticity, i.e., 

xU' s (x 



AE.^Us) 



liminf ■ 

xi-00 Us{x) 



> 1 and AEooiUs) 



hmsup y ' < 1. 



Hence each is reasonable risk averse at high and low wealth limit; see (jKramkov and Schachermaver 

1999I . booa ). 



To introduce the utility maximization problem considered, we denote by M a (resp. M e ) the class 
of probability measures PcP (resp. P ~ P) such that S is a local martingale under P. Consider 
the convex conjugate V$ : (0, 00) — > R defined by Vs(y) := sup xeK (Us(x) — xy). The generalized 
entropy of P G Af a relative to P and V5 is defined as EpfV^cflP/cflP)] G (0,oo]. We denote by 
(resp. Mfi) the set of probability measures P G M a (resp. P G M e ) with finite generalized entropy 
relative to P and Vs. Even though definition of Ai^ (resp. «M|) depends on V5, Lemma |2. II below 
shows that (resp. Mg) are the same for all 5 > under Assumption 11.21 Henceforth we drop 
the subscript 5 to write M a (resp. M e ) instead. 

There is an agent whose preference is described by one of the utility function Us- She is able to 
trade in the financ ial market and has a rand om endowment £5 which is an J-"-measurable random 
variable. Following I Owen and Zitkovid (|2009i ). we assume that £5 is potentially unbounded but can 
be super-hedged. 

Assumption 1.4. There exists xs,xs G R and a P-predictable 5"-integrable process Gs such that 

xs < is < xs + {Gs ■ S)t, for each 5 > 0, 

where Gs ■ S is P-a.s. uniformly bounded from below by a constant. 

When the utility function is defined on R, the class of uniformly boun ded from below wealt h 
processes is not large enough for the problem considered below; se e e.g. ISchachermayerl (120011 ). 
therefore we recall the following class of permissible strategies from Owen and Zitkovic ( 20091 ): H 
is a permissible trading strategy if it is inside 



H : 



H is a P-predictable, S-integrable process such that 
H ■ S is a P-supermartingale for all P G Ai a 
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Since A4 a is the same for different 5, the class of permissible trading strategy defined above is 
independent of 5 as well. Therefore even though the utility of the agent may change with respect 
to 5, she always choose trading strategy from the same permissible class. 

Our agent chooses permissible strategies to maximize her utility on wealth and endowment at an 
investment horizon T: 

(1.1) u 5 := sup E F [Us((H-S) T + ts)}. 

In order to ensure the existence of the optimal strategy, we impose 

Assumption 1.5. M e ^ 0. 

When Us has reasonable asymptotic elasticity, Ai a ^ 0, and Assumption 11.41 holds, Assump- 
tion 11.51 is actually the necessary and sufficient condition for the existence of optimal strategy for 



Owen and Zitkovid (|2009l ). 



(11.11); see (IQwen and Zitkovid . I2009I . Theorem 1.9). We further recall the following result from 



Proposition 1.6 (Owen-Zitkovic). Let Us be of reasonable asymptotic elastic and Assumptions 
\l-4\ and \1.5\ hold. Then there exists an optimal strategy Hs S %P erm f or (jl.ip such that Hs ■ S is 
a P-supermartingale for all P € M. a and a <Qs -martingale for some Qs £ M e , whose density 
satisfies 

y$~^ir = U's {(Hs ■ S)t + £s) , for some positive constant ys- 

In the previous result, Qo is t ne the minimal entropy measure which minimizes Ep[l/o(cflP/cflP)] 
among all ¥ € M a . To simplify notation we drop the subscript and denote the minimal entropy 
measure by Q. In order to investigate the convergence of (jl.ip and its optimal strategy as 5 X 0. 
We assume the following convergence of random endowment. 

Assumption 1.7. There exists a constant C € M+ such that as£s — Co > ~~ C F-a.s. for all 5 > 0. 
Moreover lim 5;o Eq[| a s £ s - £ |] = 0. 

The previous assumption clearly holds when £5 is bounded uniformly in 5 and Q — lim^o £<5 = £o 5 
where Q — lim represents convergence in probability Q. Denote the optimal payoff from investment 
by Xf = (H s ■ S) T for S > 0. The first main result states the convergence of X|., its associated 
strategy, and ug, as 5 I 0. 

Theorem 1.8. Let Assumptions \l.l]\1.5\ and \1.7\ hold. Then the following statements hold: 
i) li m(5i0 EQ[|x£-X°|] = 0; 
h) hm«540 u s = u ; 
iii) If S is continuous then 



limEr 

54.0 



J (H 5 - H )Jd(S) t (Hs - H ) t 



for any p G (0, 1). 
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Remark 1.9. The analogue of Theorem 11.81 wh en (Us)s>o are defined on 



Larsenl (j2009h and lKardaras and Zitkovid fj201lh . Therein P-lim^o X^/X^ 



iQl w| 
2 (|2011 



., has been proved in 
= 1 and lim^o u s = u 

are proved. Define P via dP/dF = cUq{Xj,)Xj. for a normalization constant c. Then X° has the 
numeraire property under P, hence X s /X° is a P-supermartin gale. Then lima m Ep[|Xj,/Xp — 1\) = 



and the convergence of the associated strategies follow from (jKardarasl . I201Q . Theorem 2.5). 
Remark 11.31 implies that (Us)s>o 1S uniformly bounded from above by 



U*{x) := — + = (1 
a* a* 



exp(— a*x)) , where a* 



mm m . 

<5>o 



Since Ep[Vi(dQ/<flP)] < oo, where V* is the convex conjugate of £/*, {V^fiQ/ffP)},^ is clearly 
y int egra ble under P. This is the ana logue of the uniform integrability assumption in 



uniform 



Larsenl (|2009l ) and lKardaras and Zitkovid (|201ll ). However the additional structure in Assumption 



11.21 allows us to discuss the rate of convergence in what follows. 
Define 

f(S) := sup |JHf(a;) - 1| and g{5) := — 1|, for 5 > 0. 

They describe the rate of convergence for the ratio of marginal utilities and the absolute risk 
aversion. 



Corollary 1.10. Let Assumptions \1.1\ and \1.5\ hold. Suppose that lim^o /($) 
and £<5 = xo € K for all S > 0. T/ien 

^1 ~0(/(<5) 2 + 5 (5)) 



lim54o5(<5) = 



Er 



for sufficiently small 5. 



Remark 1.11. When Ug(x) := ^-exp(— a^x), it is clear that Xj, = Xj,/as- Hence the optimal 
payoff Xj, converges to Xj, at the rate of g(S). When U§ deviates from the exponential utility, the 
rate of convergence for the optimal payoff is determined by two components: convergence of the 
absolute risk aversion and the convergence of the ratio of marginal utilities. Corollary II . 101 shows 
that the rate of convergence is at least first order on the first component and second order on the 
second component. This provides a quantitative measure on how far Xj, is away from Xj,. 

When S is continuous, the previous result and the Burkholder-Davis-Gundy inequality combined 
imply that 



Ef 



{H s -Ho)Jd(S) t (H s -H )i 



p/2 



O (/(5) 2 + g(S)) , for any p G (0, 1) and small 5, 



see Lemma 12.41 and Corollary 12.51 for more details. 

Another application of Theorem II. 81 is the stability of utility-based prices with respect to agent's 
preference. Consider a contingent claim B which satisfies 



;i.2) 



< B <x + (G ■ S)t, 



for some x 6 M + and a P-predictable S-integrable process G such that G ■ S is P-a.s. uniformly 
bounded from below by zero. 
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Let us first recall the fair price (Davis price) introduced in iDavisI (|19971 ). An agent, endowed 
with utility Us and endowment £5, takes her preference into account to price the claim B as 



where Qs is introduced in Proposition 11.61 Theorem 11.81 allows us to establish the continuity of 
Davis price with respect to agent's preference. 

Corollary 1.12. Let Assumptions 1 1. iH l.h\ and \l. 7| hold. Then 

\hnE Qs [B]=EQ[B}. 

Another utility-based prici ng is the indifference price introduced into mathematical finance by 



Hodges and Neubergerl (|1989l ). See ICarmonal (|2009l ) and references therein for recent development 
on this topic. Given an agent endowed with utility Us and initial wealth xo £ K, her indifference 
buyer's price, ps = p(B, x, Us), of B is defined as the solution to the equation 

us(x + B -ps) = us(x ), 

where us(C) is defined in (jl.ip with £5 = £. The existence and uniqueness of ps is proved in 
(jOwen and Zitkoviq . |2009| . Proposition 7.2). Theorem 11.81 ii) allows us to establish the following 
stability property of the indifference buyer's price with respect to agent's preference. 

Corollary 1.13. Let Assumptions HOI and \1.5\ hold. Suppose that either of the following 
conditions hold, 

i) B satisfies (|1.2p and as = 1 for all 5; 

ii) B is bounded. 

Then lim^of^ = Po- 

Remark 1.14. The continuity of Davis prices and indiffere nce prices with respect to agent's prefer- 
ence has been investigated in lCarassus and Rasonvil (|2007l ) in a discrete time market with bounded 
stock price processes and bounded claims. 

1.2. Utilities defined on R + . We continue with our second main result, which concerns the con- 
vergence of problems with utilities defined on R + to the exponential utility maximization problem. 
Consider a sequence of utility random field IA V : [0, T] x 17 x R + — > R indexed by p < 0. Each IA V is 
of the form 

U p (t,x) = D t Up(x), t G [0,T],x £R+, 

where D is a cadlag adapted positive process, U p : M+ —> M is strictly increasing, strictly concave, 
and continuously differentiable. We assume that each U p is comparable to power utility x p /p in the 
following sense. 



Assumption 1.15. There exist strictly positive constants £R p < 1 < 9l p such that 

for all x G R+. 



m p < m p {x) 



U'Jx) _ 



xP~ 
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Remark 1.16. The previous assumption implies that each U p is bounded from above. Indeed, 
integrating U' p {x) < %xP^ on (l,x) yields U p {x) < U p (l) + %(xP/p - 1/p) < U p (l) - l/p% for 
x > 1. Moreover U p is sandwiched between two utilities with relative risk aversion 1— p. Integrating 
y\ p x p ~ l < U p (x) < yipX?" 1 on (l,x) when x > 1 and (x, 1) when x < 1 yields (25 p I{ x ->i} + 
%I {x<l} )(xP - 1/p) + U P {1) < U p (x) < (%I {X > 1} + %! {x<1} ){xV/p - 1/p) + U p (l) for x > 0. 
Furthermore each U p satisfies the Inada condition, i.e., lim^o U' p {x) = oo and lim^oo U' p {x) = 0, 
and Us has reasonable asymptotic elasticity, i.e., AE^Us) < 1. 

The discounted prices of risky assets are specified to be stochastic exponential S = (£(R l ), • • • , £(R d )), 
where R is an W 1 - valued cadlag locally bounded semimartingale with Rq = 0. 

The agent is endowed with the utility random field IA P and an initial capital xo € M+. A trading 
strategy is a predictable -R-integrable M^-valued process tt whose i-th component 7r* represents the 
fraction of current wealth invested in the i-th risky asset. Then the associated wealth process X(tt) 
satisfies 

X t = x + / X s _tt s dR s , < t < T. 



Jo 

A trading strategy is admissible if the associated wealth process is strictly positive. We denote by 
A(xo) the class of admissible trading strategies. For an admissible strategy tt, H l := ir l X / SLhgi _^ } 
corresponds to the number of shares invested in the i-th asset. 

The agent chooses admissible trading strategies to maximize her utility of terminal wealth: 

(1.3) u p (x ):= sup E ¥ [D t U p (X t (tt))]. 

The dependence of u p on xq will be omitted if no confusion is caused. Since U p is bounded from 
above, u p (xq) < o o whenever Dt has fi n ite P -expectation. We recall the following version of 
Theorem 3.10 from 



Karatzas and Zitkovid ([2003 ). 



Proposition 1.17 (Karatzas-Zitkovic). Assume that the set of equivalent local martingale measures 
for S is not empty, moreover there exist constants < ki < &2 < °o such that k\ < Dt < ki, 
< t < T. Then for each p < there exists an optimal strategy tt p E ^4(xo) for (|1.3|) . The 
associated wealth process X^ satisfies 

y p Y^ = D T U' V {X%\ 

where y p = u' (xq) and is some supermartingale deflator with Y = 1. Moreover 



y p x = E P \D T U' p {X^)X^\ > E P \D T U' p {X^)X T 
for any wealth process X associated to some admissible strategy. 

To state our second main result, let us recall the exponential hedging problem. Given a contingent 
claim B £ L 00 ^?), the agent choose permissible strategy to maximize the expected exponential 
utility of the terminal wealth including the claim, 

(1.4) sup Ep [- exp(B - x - ($ ■ R) T )] ■ 

■d permissible 
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Here $ is the monetary value invested in the risky assets. Its corresponding number of shares is IP := 
$ l / S l _Ir S i ^0} which satisfies H ■ S = $ ■ R. The strategy i? is permissible if its corresponding H g 
%P erm , When S is locally bounded, (jl.4p admits an optimal strategy <&; see (jKabanov and Strickerl . 



2002, Theorem 2.1) 



To state the second main result, we impose the following assumption on the filtration. The most 
important example where this assumption holds in the Brownian filtration. 

Assumption 1.18. The filtration (J~t)te[o,T\ * s continuous, i.e., all .F-local martingales are contin- 
uous. 

Under the previous assumption, S is clearly continuous. Therefore R satisfies the structure 
condition: 



R = M + j d(M)X, 



where M is a continuous local martingale with Mq = and A € Lf oc (M); see ISchweizerl (j 19951 ). The 
previous assumption also ensures the continuity of opportunity processes recalled in Section [3l 
Our second main result studies the asymptotic behavior of the optimal strategy tt p for (jl.ip as 
p I — oo. 

Theorem 1.19. Let Assumptions\n&\lM andEJBhold. Set D T = exp(B) for B E L°°(T T ). If 
9\ p and 9\ p in A s sumption \1.15\ satisfy 

(1.5) lim sup (1 — p) (JH P — 1) < oo and limsup (1 — p) (1 — JR p ) < oo, 

p\.— oo pj,— oo 

then 

rT , N T 



lim / ((l-p)n p -#) d(M) t ((1 - P )tt p - S) = 0. 

I— OO In \ / t \ / t 



This result states that whenever the ratio of marginal utilities converges to 1 at least as fast as 
the relative risk aversion converging to infinity, the optimal fraction invested in risky assets in the 
power type problem, after scaled by 1—p, converges to the optimal monetary value invested in the 
exponential hedging problem. Here (1 — p)" 1 can be considered as the rate of convergence. 

Remark 1.20. Given a utility function U such that 

U'(x) — 

$H < —^r < JH, for all x > 0, 
— - xPo -l - 

where < JR < 1 < 91 and po < 0, there exists a family of utilities (U p ) p < Po such that U Po = U 
and (|1.5p is satisfied for some sequences {^. p ) p < po and (2L)p<p - Indeed, take any function / : 
(—oo,0) — > (0, 1) such that f(po) = 1 and limsup p ^„ 00 (1 — p) f(p) < oo. Set 

U' p {x) = f(p)x p -P°U'{x) + (1 - f(p))xP-\ for p < p Q . 

One can check that U p is concave and continuous differentiable for each p moreover 

% ■= mm - 1) + 1 < < /(p)(5i- i) + 1 =: %, 

where both limsuppi.^ (1 — p) (1 — JR p ) and limsup p |_ 00 (l — p) (9\ p — 1) are finite. 



10 



STABILITY OF THE EXPONENTIAL UTILITY MAXIMIZATION PROBLEM 



Remark 1.21. Denote by t t p the optimal strategy for (|1.3p when U p = x p /p. N utz proved a remark- 



able result in ( Nuta . 



2013, Theorem 3.2) that (1 - p)tt p -4 ■d in Lf oc (M); see (jNutz . 



2012, Lemma 



A. 3) for characterization of this convergence. In particular the previous convergence implies 



;i.6) 



lim 

pl-OO Jq 



((1 - pft p - 0)1 d{M) t ((1 - p)ft p - #) t = 0. 



Therefore 7r p converges to $ at the rate of (1 — p)" 1 . We complement Nutz's result by showing that 
ftp — ftp converges to at the rate (1 — p) _1 , when the ratio of marginal utilities converges to 1 at 
least at the same rate. In particular, we prove 



(1.7) 



lim 

pl-OO Jq 



(1 - P)(ftp~ ft P )t d{M) t (1 - p){ft p - ftp)t 



Then Theorem 11.191 follows from combining the previous two convergence. 

Remark 1.22. One can assume that both S and the opportunity process are continuous for all 
p < instead of Assumption 1 1 . 1 8l which is the most important and easy to check sufficient condition 
for the continuity of S and (L^) p< q. Only the continuity of S is used to prove (|1.7p . continuity of 
both S and Z>) for all p < are needed for (jl.6p . 



2. Stability for utilities defined on R 

We will prove Theorem 11.81 and its corollaries in this section. Let us start with the following 
property on the family (.A/f^^o- 

Lemma 2.1. Under Assumption M.SX all (resp. are the same for all 5 > 0. 

Proof. Denote Us(x) = — — exp(— a$x) and Vs(y) = -^ylogy — to be its convex conjugate. 
Here as converges to oq := 1 as 5 J, 0. Set y = U' s (x), which can take arbitrary value in (0, oo) 
as x varies in R. It follows from Assumption 11.21 that y/%\ < UU— Vg(y)) < y/£H, which implies 
V$(y/9V) < Vg(y) < Vg(y/9K) for any y £ (0, oo). Integrating the previous inequality on (0,y) and 
utilizing V$(0) = U$(<x) = 0, we obtain 

xv 5 (y/m) + V s (0) < V 5 (y) < WsiyM) + v s (o). 

Recall from Remark 11.31 that ([^(oo)),?^ is uniformly bounded. Then there exists N such that 
—N < V$(0) = Us(oo) < for any 5. The previous two inequalities combined yield 

— My) - — ylog^- N < V s (y) < —V (y) - — ylog^ + N, for any y. 

as as as as 

Therefore E P [Vs(d¥/d¥)} < oo if and only if E P [V {dF / d¥)} < oo. □ 

To prove Theorem 11.81 observe that, without loss of generality all (a,5)5>o in Assumption 1 1 . 2 1 can 
be assumed to be 1. Indeed, define Us(x) := asUs(x/as). Assumption 11.21 implies 
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Moreover, U{x) converges to — ex pf— x) pointwise, since ag converges to 1 and Ug(x) converges to 
— exp(— x) locally uniformly; see (|Rockafellarl . Il970l . pp. 90). Therefore (jl.ip can be rewritten as 



u s = — sup E P \Ug ((a s H ■ S) T + = — sup E P [Ug ((H ■ S) T + &)] , 

where £g := ag£g. Therefore the optimal strategy Hg for (jl.ip is exactly Hg/ag where Hg maximizes 
the rightmost problem. Hence we can consider (jl.ip with utility Us and the random endowment 
£g. In this case Assumption 11.21 holds with ag = 1 for all 5 > 0. 

Now suppose that Theorem 11.81 holds for Ug, then the same statements hold for Ug as well. For 
example, if lim&^o Eq [| ((Hg — Hq) • S*) T |] = 0, then 

Eq [\((Hg - H ) ■ S) T \] = — Eq [| ((Hg - aH ) ■ S) T \] 



(2.1) 



< ^E Q [| {(Hg - H ) ■ S) T \] + ^-^E Q [\(H ■ S) T \] 
-> 0, as 5 | 0, 

where Ho = Hq is used in the inequality and Eq[|(.Ho • S)t\] < oo since Ho ■ S is a Q-martingale. 
Therefore, thanks to the previous change of variable, it suffices to prove Theorem [L8] when 

ag = 1, for all 6 > 0. 

To this end, Theorem 11.81 i) will be proved in Corollary 12.31 ii) in Proposition 12.71 and hi) in 
Corollary E3 

In the rest of this section, Assumptions 11.1111.51 and 11.71 are enforced. To simplify notation, we 
introduce 

X 5 :=Hg-S, X s :=X s + £g, A& := & - £„, and AX S := X s — X°, for 5 > 0. 
Proof of Theorem 11.81 i) starts with the following estimate. 



Lemma 2.2. It holds that 



limEc 

54.0 



l-5H*(A#)exp(-A#£ 



a4 



Proof. Recall from Proposition 11.61 that X° is a Q^-supermartingale and X" 5 is a Q^-martingale, 
where the density of Qg € .M e with respect to P is [/^(A^) up to a constant. Therefore Ui(Xj,)X® 
is a P-supermartingale and U' S (X^)X S is a P-martingale. Since both these two processes have initial 
value zero, therefore E P [U' 5 (X%)Xf£\ < = E P [U' S (X%)X%] , which induces 



u 'g{X^)(Xj, - X?) 



Similarly, the previous argument applied to Q gives 



E P 



Uq(X^)(Xj< — Xj) 



< 0. 



< 0. 
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Summing up the previous two inequalities and changing to the measure Q whose density is Uq(X®) 
up to a constant, we obtain 



1 



U' G (X T ) 



< 0. 



Observe that the random variable in the expectation of the previous inequality is negative only 
when X£ > > I s (E7g(A$)) - ft or I s (U' Q (X%)) - ft > X 5 T > X£, where J a = (L^) -1 . In either 
cases, 



1 



U> (X»)) 



< 



1 



(I 5 (U^X°)) - - X° T ) 



M x t + ft) 

where (•)_ represents the negative part. Utilizing the fact that Eq[|A|] < 2Eq[ j 4_] for any random 
variable A with EqLA] < 0, we obtain 



1 



< 2E f 



U^X* +ft) 



1 (/ 5 (^(*°))-ft 



Note that the left side of the previous inequality is Eq [|l — *R$(Xj,) exp(— AA^)| |AXf,|] 
statement follows once the expectation on the right side converges to zero as 5 4- 0. 

To prove the desired convergence, let us first estimate the upper bound of \Is(Uq(x)) — x\ on 
Set y = Uq(x). It follows 

/, (Ufa)) -x = I & (y) - I (y) = - log [exp (- (I s (y) - I (y)))} 



The 



log 



exp(-I s (y)) 



log 



K(h(y)) 



Assumption 11.21 then implies 

sup \ls(U' (x)) — x\ < max{log 01, log 1/95} 



.re J 



As a result, \Is(Uq(Xj,)) — Xj, — ft < r\ + |Aft|. Assumptions \T7I\ and [TT71 combined imply that 

u' 5 (x°+t 6 ) 



U' (X* T + t 0) 
The previous two estimates combined yield 



5H,5(^ + ft)exp(-Aft) <SHe 



c 



1 



\I S (U' Q (X%) - ft - X° T )\ < (fte c + l)(n + I Aft I), 



where the right side is uniformly integrable in 5 under Q thanks to EQ[|Aft|] = in Assumption 11.71 
On the other hand, the term on the left side of the previous inequality converges to in probability 
Q. This follows from facts that lim^o \I&{Uq(Xj)) — ft — is bounded and Q — lim^o %^s(Xj, + 
ft) exp(— Aft) = 1. The previous convergence follows from 

Q (\X S (X% + ft) exp(-Aft) - 1| > e) 
<Q (\m 5 (X° + ft) exp(-Aft) - 1| > e, |ft| < N, \X%\ < N) + Q(|ft| > N) + Q(|X° | > N), 
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where the first term on the right converges to as 5 J. since D\s converges to 1 locally uniformly 
and Q — lim^^A^ = 0, both second and third terms can be made arbitrarily small for sufficiently 
large N. The uniform integrability and convergence in probability combined imply that 



limEj 

<5J,0 



1 



\h (^o(^t) ~ C<5 - Xj>) 



0. 



hence the statement. 

The previous result provides a handle to study the L 1 
Corollary 2.3. It holds that 



□ 



convergence of XlL — X, 



T- 



limE c 



AXf 



0. 



Proof. We will first prove 



(2.2) 



lim< 
5^0 



AX^\ > e, \X$.\ < N) = 0, for any e, N > 0. 



To this end, for fixed e and N, exp(— AX/f) < e e when AX^ > e. Since U' s converges to U'q locally 
uniformly, there exists a sufficiently small 8 such that e~ e / 2 < %K§(Xj) < e<E//2 f° r \%t\ < N. On 
the other hand, \AX^\ > e/2 when |A£ 5 j < e/2 and |A^|| > e. The previous estimates combined 
imply that on {AX^ > e, \A£ S \ < e/2, < N}, 

1 - JHa(A'l) exp(-A^|) |AXf | > (1 - e e/2 e - £ )e/2 > 0, for sufficiently small 5. 
Similarly, on {AA$ < -e, |A&| < e/2, < N}, 

1 - SRa(Alf) exp(-A^|) |AXf | > (e~ e/ V - l)e/2 > 0, for sufficiently small 5. 
Set T) = min{l - e~ e / 2 , e e / 2 - 1} • e/2 > 0. The previous two inequalities combined yield 



rj ■ Q \AX£\ > e, |A&| < e/2, \X£\ < N) < Eq 1 - !R*(A#) exp(-AA^) 



|AX£| 



0, as 5 I 0, 



where the convergence follows from Lemma f2.21 Therefore (12.2j) follows from the previous inequality 
and lim^oQdA&l > e/2) = 0. 
Second, we will prove 

(2.3) 

To this end, note that 

Q(\X$\ >N)< 
< 

Let us prove in what follows 



(2.4) 



limQ(|AA^| > e) = 0. 

5^0 



\Xt\ > N , \ x t\ < N / 2 ) + ®(\Xt\ > N / 2 ) 
\AX4\ > N/2) + Q(\X$\ > N/2), for any N. 



(2.5) 



limQ(|AA$| > N/2) = 0, for sufficiently large N. 

S-10 



Take N/2 > max{2, log 1/9$, log 9a} and set M s = N/2 V (|A&| + 1). On {AA# < -M 5 }, 
Xs(X$) exp(-AA^) > 9jtexp(iV/2) > 1. Hence on the same set, 

1 - 9tj(A#) exp(-AA#) |AX£| > (9$exp (iV/2) - 1) |A^ - A&| > 9$exp (N/2) - 1. 
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On {AX% > M 5 }, fJKs(X^)exp(-AX^) < <Rexp(-N/2) < 1. Hence on the same set, 

l-m 5 (X^)exp(-AX^) \ ax t\ > 1 - JKexp(-JV/2) . 
Set r\ = min{$Rexp(iV/2) — 1,1 — 9t exp(— N/2)} > 0. The previous two inequalities combined yield 
r)-Q(\AX£\ > M 5 ) < ? ? E C 

1 - flfy(A#) exp(-AAf|) 
as 5 J. 0, 



|AXf,| I{|A^|,|>M«} 



(2.6) 



<E Q 
-►0, 



tI ^{aa-|>m 5 } 



where the convergence follows from Lemma l2.2i Therefore (|2.5p follows from 



(\AX^\ > N/2) < 



0. 



A** I > N/2, |A&| < l) + Q(|A&| > 1) 

AX^\ > M s , \A£s\ < l) +Q(|A&| > 1) 
as 5 I 0. 



Switch our attention to Q(\X$ \ > N/2). Assumption O yields x Q < Eq[£ ] < xq+Eq[(G -S) t ] < 
xq, where Go • S is a Q-local martingale bounded from below hence a Q-supermartingale. Moreover 
recall that X° is a Q-martingale. Therefore Q(\X%\ > N/2) < 2Kq[\X$\]/N which can be made 
arbitrarily small for sufficiently large N. The previous inequality combined with (|2.4p and (|2.5p 
yields that limsup^Q Q(|A^| > N) is sufficiently small for large N. Hence (j2.3[) follows from 
combining the previous limit superior with (|2.2p . 

Finally, we will prove 

: 0. 



lim Ej; 
510 



a4 



To this end, we have seen in (|2.6p that lim^o ^{ 



\AX^\ I^ Ax s \>m s } 



0. On the other hand, 



E r 



\^ x t\\\ax*,\<m s } 



I AX T \ I{|AX|,|<M 5 ,|A^|<1} 



+ Er 



\A X t\\\AX*.\<M s ,\A£ s \>1} ■ Here 

> 1)+Eq [([A£i| + l)I { |A&|>i}] 



the second term on the right is bounded from above by yQ(|A^ 
which converges to as 5 J, thanks to Assumption 11.71 The first term converges to as well. 
Indeed, since |AXf| < N/2 + 1 when \AX^\ < M s and |A&| < 1, the bounded convergence theorem 
implies that lim^EQ |AX|,| I{|ax£ \<m 5 |a&|<i} = along any subsequence of 8 such that AXj, 
converges to Q-a.s.. Recall Q - lim^ AXf = from (|2~3j) . The previous convergence holds 
along the entire sequence of 5. This argument which combines convergence in probability with the 
bounded convergence theorem will be used frequently later without mentioned explicitly. □ 



Now we are going to prove Theorem 11.81 iii) via the L 1 
prepare the following result. 

Lemma 2.4. For any Q-supermartingale Z with Zq = 0, 

1 



■convergence of AXj<. Let us first 



E r 



sup \Z t \ p 

0<t<T 



< 



1-p 



2PEq[|Z t |] p , for any p£ (0,1). 
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Proof. Doob's first submartingale inequality (see (jKaratzas and Shrevei . Il99ll . Theorem 1.3.8)) im- 
plies that 



AQ inf Z t <-\ = AQ sup (-Z t ) > A < Eq [(-Z t )+] < Eq [\Z T \] , for any A > 0. 

\0<t<T J \0<t<T J 

Meanwhile Doob's second submartingale inequality yields 

AQ ( sup Z t > A ) = AQ f inf (-Z t ) < -A ) < E Q [(-Z T ) + ]-E Q [-Z ] < E Q [\Z T \], for any A > 0. 

\0<t<T J \0<t<T J 

Since {sup <f<T \Z t \ > A} = {sup 0<t<T Z t > A} U {info<t<T Z t < —A}, the previous two inequalities 
combined imply 

AQ ( sup \Z t \ > A ] < 2Eq[|Z t |]. 

\ 0<t<T 



Set Z* = sup <t<T \ Zt\- It then follows 



E Q 


sup \Z t \ p 


= Eq 


[I 




0<t<T 







/•oo 

< / min 
Jo 



2E Q [\Z T \] 



> x)px p 1 dx 



px p 1 dx 



2 p E Q [\Z T \r. 



1-p 



□ 



Applying the previous lemma to the Q-supermartingale AX S , we obt 
Corollary 2.5. If S is continuous, then 

AX S , AX 5 



am 



lim Eq 

54.0 



p/2 
T 



0, for any p € (0, 1). 



Proof. Corollary 12.31 and Lemma [2.41 combined imply that lim^gEQ [sup 0<t< j> |AA^| P ] =0. If 5 is 
continuous, AX S is a continu ous Q-local martingal e . The statement then follows from Burkholder- 
Davis-Gundy inequality; see ([Rogers and Williams! . 119871 . Chapter IV, Theorem 42.1). □ 



The following result prepares the proof of Theorem 11.81 ii) . 
Lemma 2.6. It holds that 



Proof. Proposition 11.61 implies that 



iim E P [exp(-^)] i 
syo E P [exp 



exp(-A-O) 



dF E P [exp(-A$)] ' 
After changing to the measure Q, the statement is equivalent to 

(2.7) hmE Q [exp(-A^)] = 1. 

04x1 
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Fix N > max{C, log where C is the constant in Assumption 11.71 We have seen in Lemma 
"that Q - lim^o AX% = 0. The bounded convergence theorem then yields 

6\ 



limE<r 
54.0 



1. 



exp{-AX T )I {Ax s^ N} 
On the other hand, when AX$ < -N, AX^ = AX% - A£ 5 < -N + C < 0, then 

exp(— AX£) \ \ AX^\ = exp(— AX?) exp(A^) - <Rs(Xt)\ 

> exp(-A^) (*K - exp(-iV)) (N - C) 

Set <q = (gt - exp(-iV)) (N - C) > 0. It then follows 
(2.9) 



AX^\ 



exp(-AX T )I {Ax s<_ N} 



1 - 3fy(A#) exp(-AA#) 



|AX T | I{AAf*<-JV} 



0, as 5 I 0, 



where the convergence follows from Lemma [2.2i As a result, (|2.7p follows from combining (|2.8p and 

(El. □ 



Now we are ready to prove Theorem 11.81 ii). 
Proposition 2.7. It holds that 

lim us = uq- 

610 

Proof. After changing to the measure Q, the statement is equivalent to 



1 

In what follows, we will prove 
(2.10) 

While lim inf^ 



lim E P [^)] = 



U 5 {Xr & 



T) 



U (X°) 



lim sup Ej; 

<5!0 



< 1. 



> 1 can be proved similarly. To prove (|2.10p , we will estimate the limit 
superior of the expectation on sets {—A" < Xfjp < N}, {X^, > N}, and {X^ < —N} separately, for 
a fixed A^ > 0, in the following three steps. 

jji i x \ 

Step 1: For any e, A^ > 0, there exists 5 e ^ such that 1 — e < jpj^ < 1 + e for x £ (-N, N) and 5 < 
5 e , N . Integrating U' s (x) < (l + e)^(x) on (x, N) gives U s (x) >\l + e)U (x)-(l + e)U (N) + U s {N), 
which yields 



Us(x) 
U (x) 
It then follows that 



< l + e + 



U 5 (N) - (1 + e)U (N) 



U Q (x) 



for x € [-AT, N] and 5 < S e> 



N ■ 



E 



U S (X^ 



U (X») 



0T U {-V<A-|,<Ar} 



Er 



T) 



Us (X s 

= >^Q 
{—N<X 

1 + e) Eq I exp(-A^) \_ N < x s< N} 



exp(-A^)I { 



< (1 + e) Eq [exp(-A^) \_ N < x s< N} ] + (U S (N) - (1 + e)ETb(JV)) E { 

1 +(C/ <5 (AT)-(l + e)C/o(Ar))^ 



N<X$<N) 



E P [E/b(#?)] 
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In what follows the two terms on the right side of the previous inequality will be estimated separately. 
First, note that AA$ > -3N when -N < X% < N and X$ < 2N. Then the dominated 



-N < Xt < N). 



convergence theorem and f|2.3|) combined yield that 



limEc 
54.0 



exp(-AA'|) \-. n <x$.<n,X°<2N} 



Second, AX% < -N when -N < X^ < N and X% > 2N. Then 



limEc 



exp(-AA^) I{- N <xS<N,X°>2N} 



r 

< limEf 

54,0 



exp(-AA^)I {A ^<_ JV} 



0, as 5 4- 0, 



where the last convergence holds owing to (|2.9p . The previous two convergence combined imply 



(2.11) 



lim Ef 

510 



exv(-AX T )I { _ N < x ^< N} 

Third, lim^o U 5 (N) = U (N), <^ and Q ~ P combined imply that 

-N <X%,< N) 



N < X$ < N). 



(2.12) ^(U s (N)-(l + e)U om Ep[[/o( ^ }] 



eU (N)- 



-N < X$ < N) 
E F [U (X°)] 



Step 2 : Integrating WJ' {x) < U' s {x) on (N,x) yields that tKU (x) - SRU Q (N) + U S (N) < U s (x) for 
x > N. This implies that 



U S (X$ 



< 9tE<r 



_U Jxf)^T>m 
Lemma 12.61 and (I2.1ip combined give 



exp(-A^|) I 



{X*>N} 



(2.13) 



[ eX P(~ A;t 'r)I{A'|>7V,A'|<-JV} 



+ (Us(N)-XU (N)) 



t >N,X$< -N). 



V(X$ > N) 



On the other hand, 9\Uq(N) < U S (N) < 9KU (N) < for sufficiently small 5. Combining the 
previous inequality with U S {N) - 9tU (N) > U s (0) -WU Q (p), we obtain > U S (N) -fXU (N) > 
Ug(0) — 9iUo(0), where the right side is bounded uniformly in 5. Utilizing (|2.3p and Q ~ P, we 
obtain 



(2.14) lim sup E c 
540 



Us(X^) 
!7„(4) 



1/ 



< fHQ(X$ >N,X$< -N) + (1 - <H) U o (0) 



F(X$ > N) 
E P [U (X°)Y 



Step 3 : Integrating U' s (x) < £RE7g(a?) on (x, -N) gives U s (x) > *XU (x) + U s (-N) - mU {-N) > 
9KUq(x), where the second inequality holds since Us(—N) > 9\Uo(—N) for sufficiently small 5. As 
a result, 
(2.15) 



lim sup Eq 

540 



U (X°) "^<- 



1/ 



< IHlimsupE^ 

.540 



exp(-AX£)I {x s<_ N} 



< 9\Q(Xt >N,X$< -N). 



Finally combining (|2.1ip — (|2.15j) . (|2.10j) follows after sending e | then N t 00. 



□ 



Proof of Corollary \1.1(A Following the discussion after Lemma 12.11 we consider problem (|l.lj) for 
Us(asx) and £ s = usxq. After the previous change of variable f(S) = sup xe ^\^Rg(x) — 1| where 
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9is(x) = Ug(x)/exp{— x). In what follows, we add a bar to random variables and processes associ- 
ated to the problem for U§. In the rest of the proof, C represents a constant which may vary from 
line to line. 

First, we utilize the argument in Lemma 12.21 to prove 



limsup (f(S) + g(5))~ 2 • Eq 1 - ft S (X T ) exp(-AX° T ) 
610 L 



\AX S T \ 



< oo. 



To this end, we have seen in Lemma [2.2l that the expectation on the left side is bounded from above 
by 



(2.16) 



2Er 



fRsiX? + a 5 x ) exp(-(a 5 - l)x ) - 1 ) I Is I U' (X T 



-f /-ft' /^tO 



Xrp 



(as - l)x Q j 



In expectation above, for sufficiently small 5,1 — f(5) < 9\s < 1 + f(S) and 1 — 2g(5)xQ < 
exp(—g(8)xo) < exp(— (as — l)xo) < exp(g(S)xo) < 1 + 2g(S)xo, where second inequality uses the 
facts that e y = 1 + f£ e z dz < 1 + 2y for < y < In 2 and e~ y > 1 — y for y > 0. Therefore 
(2T7) 

%(4 + asx ) exp(-(a s - l)x ) - l| < f(5)+2g(S)x +2f(S)g(8)x < C (f(S) + g(S)) , Q-a.s., 

for sufficiently small <5. On the other hand, we have seen in Lemma 12.21 that Is(Uq(x)) — x = 
log ^s (I s(y)) where y = U (x). It then follows —2f(5) < Is(U' (x)) — x< 2f(S), where we use 
log(l — y) = — / (1 + z)~ l dz > —2y for < y < 1/2 and log(l + y) < y for y > 0. As a result 



(2.18) 



a.s. 



Is (UqGFt)) -X" T -(a s - l)x < 2f(5) + g(5)x < C(f(5) + g(S)), < 

for sufficiently small 5. Combining (|2.17p and (|2.18|) . we obtain that the expectation in (|2.16p is 
bounded from above by C(f(6) + g(S)) 2 for sufficiently small 5. This confirms the claim. 
In the next step, we will prove 



(2.19) 



limsup (f(S)+ g(5)) ~ 2 • E^ 
5^0 



\AXn 



< CO. 



Indeed, an argument similar to that in Corollary 

F<5 



implies that there exists N, r/ > such that 



AXn 



{\AX S T \>M S } 



<E r 



l-<Rs(X S T )exp(-AX S T ) 



I AX t|I { | AX *|> m4} 



where M 5 = AT/2 V (|Af 5 | + 1) The previous inequality, combined with the claim in the last 
paragraph, yields 



limsu V (f(6)+g(5))- 2 - Eq [|AXj|I {|AX ,,^ } 



< CO. 



Now (12.191) follows after noticing 



l AX ^|I { | A A4|< Mn 



<E f 



|AJfr|I 



{lAXyl^M" 5 } 



Finally, come back to the problem before changing of variable, 



Er 



|AXf| 



< — E< 

a<5 



I AX 



tI 



+ 



II 



as 



Eq[|^|] 



< c 



(/(J) + ^)) 2 + 5 (5) 



< C (/(5) 2 + g(5)) , for sufficiently small 5. 



□ 
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Let us now prove implications of Theorem 11.81 on utility-based pricing. 



Proof of Corollary Following the change of variable after Lemma 12.11 we can assume without 
loss of generality that as = 1 for all 5 > in this proof. Let us first prove 

(2.20) 



limE t 



1 



0. 



The density of 
(2.21) 



I s with respect to Q can be read from Proposition 11.61 
olQ 5 _ U' B {X$) E P [C^(A*)] 



dQ u^xg.) n r [u' s (x*)]' 

We will prove Q — lim^o dQ 6 /dQ = 1. Then (|2.20p holds in virtual by Scheffe's lemma. 

To prove the convergence in probability, we will prove both factors on the right side of (j2.2ip 
converge to 1. It follows from f|2.3j) that Q — lim^o ex P( — A^) = 1. On the other hand, for any 
given N and e, there exists a sufficiently small 5 such that |9t<j(a;) — 1| < e for \x\ < N. Then 
Q(|9fy(A#) — 1| > e, < N) = for sufficiently small 5. Hence limsup 5;o Q(|£R$(A!#) - 1| > e) < 
limsu P(5;o Q(|5H 5 (^) - 1| > e, \X%\ < N) + limsup^ Q(\X%\ > N) < Q(\X$\ > N), which can be 
made arbitrarily small for sufficiently large N. Therefore Q — lim^m 9Kg(Xj,) = 1, which combined 
with the previous convergence implies 

U>(X») _ 



Q - lira ■ 

810 U^X®) 
In this paragraph, we will prove 



lim exp(-AA#) 
64.0 



1. 



lim 



i. 



610 E P [C7$(A^)] 

Changing the measure to Q, the previous convergence is equivalent to 



(2.22) 



limEr 

54,0 



i. 



which we will prove next. For any e and N, there exists a sufficiently small 5 such that \UKg{Xj,)— 1| < 
e when \X%\ < N. The previous inequality combined with (|2.1ip yield 



%{x») 



\\Xi\<N) 



E r 



9t 5 (^)exp(-A**)W 



{\X$\<N} 



< (1 + e) E Q [exp(-AA^) I {lx $\< N} 
->• (l + e)Q(|A#| <iV), as<J10. 



The previous inequality implies lim sup^ Eq U' s (X^)/Uq(Xj,) ^\x^,\<N} — l + e - Similar argument 

also gives lim inf a^o Eq U' 5 {X^) /Uq{Xj<) I{|^|,|<jv} > 1 — e - On the other hand, it follows from (I2.13P 
that 



JHtf(Af|)exp(-AA^)I 



{|.*|,|>iV} 



, exp(-A^)I {| ^ |>7V} 
WQ(|*r| > N), as (HO. 
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Combining the previous two convergence and sending N f oo then e J, 0, we confirm (|2.22p . Esti- 
mates in the previous two paragraphs confirm Q — lim^m dQ 5 /dQ = 1, hence ()2.20p . 

Now switch our attention back to pricing. Since B can be super hedged, for any e > 0, there 
exists sufficiently large iV such that Eqs[BI^b>n}] < e for any 5 > 0. Indeed, 



E QS [BI 



{B>N}_ 



< xQ s (B > N)+E Q s[{G ■ S) T ] < xQ s (B > N) < xE Q s[B]/N < x 2 /N, 



which is less than e for sufficiently large N. The Q^-supermartingale property of G ■ S is utilized in 
the second and fourth inequality. Finally, the previous estimate and (|2.2U|) combined imply 



\E qS [B]-Eq[B}\ <E { 
< NE 



1 



BI 



dl 



{B<N} 



+ 2e. 



+ [B I{B>N}] + ^q[B I{B>N}] 



Sending (5^0 then e J. in the previous inequality, we verify the statement. 



□ 



Proof of Corollary 1 1.131 F or any Q € M a , (jl.2p implies that x < Eq[B] < x. It then follows from 
(lOwen and Zitkovid . 120091 . Proposition 7.2 (i)) that x < ps < x for any 5 > 0. Therefore in every 
subsequence of (ps)s>o there exists a further subsequence (ps n ) n >o converging to some limit, say 
Pq. In the next paragraph, we will prove po = pq. This implies that the entire sequence of (ps)5>o 
converges to po as well, since the choice of subsequence is arbitrary. 

For the subsequence (<5 n )n>0) Assumption 11.71 holds for £„ = xq + B — p$ n and £o = xq + B — po 
if either as = 1 for any 5 or B is bounded. It then follows from Theorem 11.81 ii) that 



lim us n (xq + B 



PSn 



u (x + B - po). 



Apply Theorem 11.81 ii) when 



xo, 



lim u Sn (x ) = u (x ) 

o„l0 



Since us n (xq + B — ps n ) = us n (xo), the previous two convergence combined imply uq{xq + B — po) = 
uq(xq). Then po = p~Q follows from the uniqueness of the indifference price po- d 



3. Stability for utilities defined on R + 

We will prove Theorem [TTT9] in this section. To this end, we can assume without loss of generality 
that D T = 1 P-a.s.. Otherwise, we can define F D ~ P via d¥ D /d¥ = D T /E ¥ [D T ] and work with 
Pd instead of P throughout this section. Assumptions II. 5| I1.15[ and 11.181 are enforced throughout 
this section, (jl.5p is satisfied as well. To simplify notation, denote U p (x) = x p /p and X^ v \ 
and y p quantities in Proposition 11.171 when U p is chosen as U p in (|1 .3j) . 

Denote the ratio of optimal wealth processes as 

r (W = ^ 
X<p) 



STABILITY OF THE EXPONENTIAL UTILITY MAXIMIZATION PROBLEM 



21 



and introduce a sequence of auxiliary probability measures (P p )p<o via 



dF p 



X 



It follows from Proposition 11.171 that (xj?^) p > 0, P-a.s., therefore P p ~ P for each p < 0. This 
sequence of auxiliary measures will facilitate various estimates in this section. Another important 
observation is that has the numeraire property under P p , i.e., Ep> p Xr/xj?^] < 1 for any 



(p) 



for each p < 0. 



admissible wealth process X. Indeed, Proposition 11.171 implies Ep (X T 



(p)\p-l 



(X 7 



X 



T i 



: o 



for any admissible X. The claim then follows from changing the measure to P p in the previous 
ineq uality. As a result, ey ery admissible wealth process X deflated by X&) is a Pp-supermartingale; 



see (Guasoni et al 



2011 



Equation (3.10)). In particular, r^ is a P p -supermartingale. 



As the last section, we start our analysis with the following estimate. 



Lemma 3.1. It holds that 

lim Ef 

p4-~ °° 



\ P \ ^(x^Xr^y- 1 - 1 



» 



0. 



Proof. Throughout this proof we omit the superscript (p) in X^ , X^ p \ and to simplify notation. 
Applying Proposition 11.171 to U p and U p , respectively, yields 



E f 



U' p {X T ){X T - X T ) 



< and Ep 



x p T -\x T -x T ) 



< 0. 



Summing up the previous two inequalities and changing to the measure P„, we obtain 



'U>(X T ) 



X 



p-1 




Xx 
Xj< 



< 0. 



Similar to Lemma [2. 2\ we are going to obtain the upper bound of P p -expectation of \(UL(Xt)X^ p — 
1)(1 — Xt/Xt)\ by first estimating the upper bound of P p -expectation of the negative part for 
{U' p {X T )x}f p - 1)(1 - X T /X T ). Observe that {U' p (X T )x}f p - 1)(1 - X T /X T ) < only when 
Ip(X£ _1 ) <X T <X T or X T <X T < IpiXP- 1 ), where I p = {U' p )- 1 . In either cases, 



'U' V {X T ) 



X 



p-i 

T 




< 1 



u' p (x T 



X, 



p-1 

T 




I P (X, 



p-l> 



X^ 



Therefore, 



Ei 



^p(^t) 



X 



p-i 




Xj< 
Xt 



< 2Eif 



1 - JH(X T ) 




Note that 



I p {x p ~ l ) _ I p (y) _ ( I p {y) p ~ l 



\U>(I p (y)) 



i 
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where y = x p 1 . Utilizing the previous identity on I p (x p 1 )/x, we obtain from the previous in- 
equality and Assumption 1 1 . 1 51 that 

U' p {X T ) 



11 



Ay 



< 2 max { (<R P - l)(^~ p - 1), (1 - (1 - 9$^ ) \ . 



It follows from (jl,5p that lim sup F ^ „ c 1) < oo and limpi-oo 9lp~ p = lim^-co exp(j4^ log 9t p ) : 

1. Therefore the first term on the right side of the previous inequality, after multiplying by \p\, 
converges to as p 1 — oo. Similar argument applies to the second term as well. As a result, the 
left side expectation, after multiplying \p\, converges to as p I — oo. □ 

(p) 

The previous estimate induces the convergence of r)f in the following sense. 
Corollary 3.2. It holds that 



lim ] 

p],— oo 



(p)\p 



> e ) =0, for any e > 0. 



Proof. Throughout this proof we still omit the superscript (p). When > 1 + e, 1 — rr > 
1 - (1 + e) 1/p . Note that (1 + e) 1/p = expfjr 1 log(l + e)) = 1 + p^ 1 log(l + e) + o(p~ l ). Hence 
limpL-oo -p(l-(l + e) 1 / p ) = log(l + e) > 0. Therefore when r£ > 1 + e, -p(l-r T ) > ±log(l + e) > 
for sufficiently small p. When < 1 — e, we can similarly obtain —p(rx — 1) > — \ log(l — e) > 
for sufficiently small p. Set 77 = min{i log(l + e), — \ log(l — e)} > 0. The previous two estimates 
combined yield 

—p \tt — 1| > 17 when — 1| > e for sufficiently small p. 

On the other hand, when r^, > 1 + e, r^T 1 > 1 + e/2 for sufficiently small p. Moreover (jl.5p and 
Assumption 11.151 combined imply that D\ p (Xt) > 9j\ p > (1 + e/2)^2 for sufficiently small jj. As a 
result, 

^ p (A" T )r^ _1 -l > (l+e/2)~3(l+e/2)-l = (l+e/2)s-l > 0, when r£-l > e for sufficiently small p. 
Similarly, 

1 — 9^(Xr)rj, _1 > 1 — (1 — e/2) 2 > 0, when r p T — \ < — e, for sufficiently small p. 
Combining estimates in the last two paragraphs, we obtain 



\ V \ <R{x T y T 



p-1 



1 



|1 ~r T \ > V min|(l + e/2) 3 - 1,1 - (1 - e/2)5 j > 0, when |rf - 1| > e, 

for for sufficiently small p. The statement then follows from the previous inequality and Lemma 
ED □ 

The previous convergence in probability implies that (r^) p converges to 1 in expectation. 
Proposition 3.3. It holds that 



lim Ej 

p4- — 00 



» 
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Proof. Throughout this proof we omit the superscript (p). The proof is split into two steps. The 
first step proves 



(3.1) 



lim E Pp [r£] = 1. 

p\-— oo 



The second step confirms the statement. 

Step 1: After the measure P p is changed to P, (|3.ip is equivalent to 



lim 



1. 



(3.2) 

p+-°°E p [X£] 

which we will prove in this step. We have seen in Proposition 11.171 that 

=^E P [X£] < xo = -E P [U' p {X T )X T ] < ^E P [X£], 
Up Up Up 

where Assumption II. 151 is used to obtain two inequalities. Sending p I — oo in the previous inequal- 
ity, we obtain from £H , 9\ p — > 1, 

lim — E P [X£] = so- 
pI-oc y p 

The optimality of X gives E P [Xj,]/p < Kp[Xj]/p = xoy p /p. The previous convergence then yields 

lim sup — < 1. 

The reverse inequality on the limit inferior will be proved in the next paragraph. 

TO 



Note that 



yields 



— for x = I p (y). Then Assumption 11.151 gives £K p < j (Jj P -i — ?&p, which 



_!_ J (y) 

9ti-p < < g^-* ; f or y > o. 



// 



Here both upper and lower bounds in the previous inequality converge to 1 as p J, — oo owing to 
(jl.5p . Proposition 1 1 . 1 7l then yields 

x = E P [Y T I p {y p Y T )\ < m^Ep \y t (y p Y T )^ = W^y^^r [Y$\ , 

where q := p/p - 1. Note Ep^I 1 "? < EpIY£/s£1 follows from E P [y T X T /x ] < 1 and Holder's 
inequality (see e.g. (jGuasoni and Robertson! . 120121 . Lemma 5)). The previous two inequalities 
combined yield xoy p < 9\pEp[X^] = 9\ p xoy p . Sending p J, — oo and utilizing linip^-oolKp = 1, we 
obtain from the previous inequality 

liminf — > 1. 

pl-oo y p 

Estimates from the last two paragraphs yield limpi-oo y p /y p = 1, which is equivalent to 

E P [U' p {X t )Xt\ 



lim 

pi.— oo 



Ep 



1. 



Since 2t p E P [X£] < E P [U^(X T )X T ] < <H p E P [X£], fl32J follows from dividing by E P [X£] on both 
sides of the previous inequality and sending p 1 — oo. 
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Step 2: Fix N > 1. Let us prove in this paragraph lim 
end, for any e > 

Ep 



pl-oo lEpp 



T 



II liJ 



{r P T <N} 



0. To this 



r T- l \ l {rP<N} 



E ff 



T 



HI 



{r^<AT,|rP-l|<e} 



p\\ r T 

e, as p J, — oo, 



l r T ~ 1 l ]I {rf<iV,|rf,-l|>e} 



< e + (JV - 1) P„(|r£. - 1| >e) 



where the convergence follows from Corollary 13.21 Therefore the claim is confirmed since the choice 
of e is arbitrary in the previous inequality. 



Let us prove linipi-oo Ep p 



{r?>N} 



in this paragraph. Combining this convergence 



and the one in the last paragraph confirms lrnip^-ooEp Mr^ — 1|1 =0. To prove the desired claim, 



l {r^>N} 



<Ep„. r^Jl {r P >Ar} 

= E Pp [4]-E Pp 
^1 — — 1 = 0, as p I -co 



Mr P T < N) 



where the convergence of three terms follow from the result in Step 1, the result in the last paragraph, 
and Corollary 13.21 respectively. □ 

The convergence of optimal payoffs in Proposition l3.3l implies the ratio of optimal wealth processes 
converges unifor mly in probability. The proof of the following two results adapt argument in 



( Kardaras 



2010, Theorem 2.5) into our context. 



Corollary 3.4. It holds that 



lim P p sup 

pi-oo \t£[0,T] 



- 1 



> e 



0. 



Proof. The superscript (p) is omitted throughout to simplify notation. Recall that r is a P p - 
supermartingale; see the discussion before Lemma 13.11 Then p < implies that r p is a P p - 
submartingale. Indeed, 

Ep p [rf | T s ) > (E Pp [r t | F s ]) p > rP, for any a < t, 

where the Jensen's inequality is applied to obtain the first inequality. 
In the next two paragraphs, we will prove 



(3.3) ^_, p 



lim ] 

pi— oo 



sup r\ — 1 

te[o,T\ 



> e = and lim ] 

/ pi-oo 



inf rf — 1 

t£[0,T] 



> e 



0. 



for any fixed e > 0. These two convergence combined confirm the statement. 

To prove the first convergence in (|3.3p . define T p := inf{i > 0\rf > 1 + 5} AT for p < and 
5 > 0. It then suffices to prove 

lim P p (t p < T) = 0, 

pi— oo 
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since 5 is arbitrarily chosen. Suppose the previous convergence does not hold. Then there exists 
rj > and a subsequence, which we still denote by t p , such that linipj^ooPj, (t p <T) = rj. It then 
follows from Proposition 13.31 that 

|K Pp [r P T I {Tp=T} ] ~ W p (t p = T)\ = |E Pp [(r P T - l)l {Tp=T} ) | < E Pp [\r P T - 1|] -+ 0, as p | -oo. 

This implies lirrip^ooEpp [r^, I{ Tp=T }] = 1 — rj. On the other hand, the P p -submartingale property 
of r p implies 

1 < E Pp [r p Tp ] < E Pp [r p T ] -+ 1, as p | -oo, 
where the last convergence follows from (|3. 1 j) . Hence lim^.ooEpp [r£ p ] = 1. Therefore 



1= lim E Pp [r?J >liminfE Pp 
pi.— oo p4- — °° 



+ lim E| 



> (1 + <5)?7 + (1 - ??) = 1 + (fy > 1, 



% Hr P =T} 



which is a contradiction. 

The proof of the second convergence in (13.3|) is similar. Redefine t p = inf {t > | r P < 1 — 5} A T. 
Suppose that lim^-co P p (r p < T) = does not hold, then there exists a subsequence, which we 
still denote by r p , such that lim^-co P p (r p < T) = rj for some i] > 0. The same argument as that 
in the last paragraph yields lrnip^-ooEpp [ r r ^{t- p =t}] =i — rj- Then 



1 = lim Ep [rf ] < lim sup E P 



% Hr P <T} 



+ lim Ep 



P\r— OO 

< (1 - 5)t} + (1 - rj) = 1 - Si? < 1, 



which is again a contradiction. 



□ 



Our next goal is to pass from the convergence of optimal wealth processes to the convergence of 
optimal strategies. 

Proposition 3.5. If S is continuous, then the following statements hold for any e > 0: 



i) lim p 



( r (p)) p , ( r (p)) p 



> e 



0; 



ip^—oc ^p 

\ L J 1 / 

ii) lim p ^_ 00 P p ([£W,£W] T >e) = 0, where := f Q (l/{r\ p) ) p ^ d{r {p) ) p , i.e., C<*> is the 
stochastic logarithm of (r^) p . 

Remark 3.6. Under the structure condition, [£( p \ C^]t = Jq p{k p — 7r p )td(M) t p(7T p — vf p )t, which 
measures how far p(ir p — tt p ) is away from 0. 

Proof. The superscript (p) on r and C is omitted throughout this proof. Note that [r p ,r p ]. = 
f \r p \ 2 d[C, C\t- Statement ii) then follows from statement i) and Corollary 13.21 directly. We will 
prove statement i) in what follows. 

Define T p = inf{i > | r\ > 2} A T. It follows from Corollary [31] that lim^ooPp (t p = T) = 1. 
Therefore it suffices to prove 



(3.4) 



lim P p | 

pi~ oo 



' ' JTAtv 



> e 



0. 
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SetZ 



ip) 



p ATp . Since r p is a Pp-submartingale, so is . Therefore (|3.ip induces linip^oo Ep p [Z, 



(p)i 

T J 



1. On the other hand, the continuity of <S implies the continuity of r p , hence Z^ is bounded from 
above by 2 for all p < 0. The Doob-Meyer decomposition gives 

z (p) = M ( P ) + B ( P ) where M (p) 

is a Pp-martingale and i?^ is a continuous nondec reasing process with B^ = 0. The continu- 



ity of follows from ( Karatzas and Shrevel . Il99ll . Theorem 1.4.14). Note sup t ^\Q t m\Z i 
sup te[0 ,T] \Mt 



rip) 



11 < 



(P) 



II + B$\ Hence 



E, 



sup \M t 

te[o,T] 



(p) 



sup 

te[0,T] 



sup 



rip) 



rip) 



te[o,T] 
+ 1-1 = 0, 



+ E Pp [4 P) ] 



+ E Pp [4 P) ] 



E Pp [M 



«] 



where Ep 



(p) 



su PtG[0,T] l^t - 1 



as p I — oo, 

holds owing to |zW - 1| < 1 and Corollary GEH E] 

holds because is a Pp-martingale. Therefore the Davis inequality yields linip^—co Ep p [[iW^ , iW^] 
0, which implies lim^-a, P p ([M( p ), M^] T > e) = 0. Hence ([33]) is confirmed, since B^' is a con- 
tinuous increasing process. 

□ 



Last step to prove Theorem 11.191 we are going to identify limit of P p as p \. — oo. To this end, 
we recall the opportunity process for power utility. The cadlag semimartingale is called the 
opportunity process for the power utility x p /p if it satisfies 

esssup^^Ep - (X(tF 



p 



T 



< t < T, 



for all 7T 6 A, w here A(tt) = {ir £ A : it = it on [0, t]}. The existence and uniqueness of have 
been proved in (jNuta . l2010i . Proposition 3.1). Thanks to the scaling property of power utility, 2>) 
can be viewed as a dynamic version of the reduced value function. In particular, the definition 
above implies that L^x^/p = u p (xo), where u p (xq) is defined in (jl.3p with U p (x) = x p /p, and 
:c _1 = Vp = Up{xo). As a result, the density of P p can be rewritten as 



dP p 
dP 



pup(x ) 



r ip)yip)^ Q 
L, Q y t 



Y, 



ip) 



T 



L, 



ip) 



L 



ip) 



l-q- 



where q = p/(p — 1). As p J, — °°i using convergence results in iNuta (|2012l ). we will show that the 
denominator in the rightmost equality above converges to 1 and the numerator converges to the 
density of the minimal entropy measure Q. Therefore convergence under the sequence of measures 
( Pp)p^n in P roposition 13.51 can be replaced by convergence in probability Q. This, combined with 



(Nutz 



20121 . Theorem 3.2), concludes the proof of Theorem 11.191 



Proof of Theorem \1.19[ Let us first prove 



(3.5) 



lim Ep 

pi— oo 



dP 



0. 
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rip) 
-oo J -'o 



To this end, when S is continuous, it follows from (jNuta . 120121 . Theorem 6.6) that lim p ^_ 
Lq XP , where L exp is the opportunity pro cess fo r expo nential utility — exp(— x) defined in the similar 
fashion as that for power utility; see (jNuta . I2012I . equation (6.3)). Since q — > 1 as p 1 — oo, 
then lim p ^_ OQ (L^) 1 ~ q = 1. On the other hand, when S is continuous and is continuous 



for all p < 0, (jNutzl , \201% Proposition 6.13) proved that Y^> converges in the semimart ngale 
topology to the density of Q as p 1 — oo. The definition of convergence in semimartingale topology 



says 



lim , f (p) y (p) + 

ilm pJ,-oo SO J ^ 



p) . y(p)J 



for any t € [0, T] and every sequence (£^) p <o of 
elementary predictable processes with < 1. In particular, choosing = 1 for all p < 0, we 



obtain 



lim 



p4-— oo 



■ limp^oo F T p) 

(p)u- 



. Hence P - lim^-oo (Y^ p) ) 



which, after combined with 



1, implies 



lim ^ 

54,-00 dF 



(-11 



Hence the L X (P) convergence in (|3.5[) follows from the previous convergence in probability P and 
Scheffe's lemma. The assumption s on the continuity of S and for all p < are ensured by 
Assumption [Til see (jNuta . hold . Remark 4.2). 



Proposition ^. 5l ii) and (|3.5j) combined yield Q— limp^.oo [p(vrp — ir p ) ■ R] T = 0, where [Z] := [Z, Z] 
is the quadratic variation for the semimartingale Z. Hence 

(3.6) P- lim [(1-p)(tt p -tv p ) -R] t = 0, 

p4.— 00 



since 



. On the other hand, (jNutzl . 12012 . Theorem 3.2) proved that (1 - p)n p ■& in Lf (M) 



as p I —00. This implies P — li m p . | ^[((l ~ p)k p — v) ■ R]tat„ = 0, for a sequence of stopping time 
(r n ) with lim^oo r n = 00; see (jNuta . 120121 . Lemma A. 3). The previous convergence then yields 



(3.7) P- lim 

pj,— 00 

Finally, the statement is confirmed via 



{(\- p yz p —&).R 



0. 



((l-p)ir p -#)-R 



(1 - p)(tt p -n p )-R+ ((1 - p)tt p -0).R 



where both terms in the right side converge in probability 
(GL 



T 

< 2 [(1 - p)(ir p - ip) • R] T + 2 [((1 - p)n p -^-R^, 

to zero as we have seen in (|3.6|) and 

□ 
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